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Abstract - In this paper, we are concerned with upper bounds of eigen-values on manifolds.
Eigen-values have many applications in geometry and in other fields of mathematics. We
develop a universal approach to upper bounds on both continuous and discrete structures
based upon certain properties of the corresponding heat kernel. we start with a well-defined
Laplace operator A on functions on M so that A is a self-adjoint operator in L2(M, +) with a
discrete spectrum and a distance function dist(x, y) on M.
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1 INTRODUCTION
In this paper, let us consider Laplace
operator on smooth compact Riemannian
manifold M, with metric g. since M has
boundary oM, then we require in addition
that g vanishes at the boundary. This
defines the Laplacian with drichilet
boundary condition .the Laplace operator
is a self-adjoint operator, so by spectrum
theorem there is a sequence of eigen-
values

O<sA <A <A3<
And an orthogonal basis d¢i, ¢o,...
L2(M), which are eigenfuntions of Laplace
operator.

Laplacian Operator On Riemannian
Manifold:

The laplacian operator on a Riemannian
manifold (M, g) is a function defined as
Ag : C* (M)— C» (M)

defined asA,= —div,. Y,

Since both V; and div, are linear operators
it follows that for any ¢, p € C2(M)

Ag(d + @) = Agd+Agy.

in addition we have

De(0- W) = W& + by, — 28,0, A,)

Eigen Values of Laplace Operator On
Manifold:

Let M be a smooth connected compact
Riemannian manifold and A be a Laplace
operator associated with the Riemannian
metric i.e. in coordinates X; , X2, ..., Xn

ij OU_
(/o9 .

4= g 2o
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Where gi are contra-variant components
of the metric tensor and g = det| g;|| and
u is a smooth function on M.

Theorem: Suppose that we have chosen
k+1 disjoint subsets Xi, X, ..., Xg+1 of M
such that the distance between any pair
of them is at least D > 0. Then for any k >

1

Proof: The proof is based upon two
fundamental facts about the heat kernel
P, vy, t) being by definition the

unique fundamental solution to heat
equation

A =g < max(log

ou
—u(x,t)—Au(x,t) =0 @D
ot
With the boundary condition
ou
ocu+ B=— =0
oV
P(x, y, t) can be written in the form

y)-Ye0e @

For any two disjoint Boral sets X, Y& M
where D =dist(X,Y).

First we take the particular case k
= 2. We start with integrating the
eigenvalue expansion (2) as follows

I(f.9)=] [ Px 0 009(3)w

(=Y ] taf od 4
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Let us denote by f; the Fourier coefficients

of the function flx with respect to the
frame {¢i} and by g the Fourier
coefficients of the function g1y .Then

=+ e o gL, @
Where we u:sed the fact that

<e (Y 7Y g7
i=1 i=1

g,

since

(Y A7 g e
i=1 i=1

Putting into (3)-

1(9<]1 Jou oot 2

From (5)-

I(F,9)>e ™ fog,—e | 1, oL,

; ] D’
e o0 =€ {1 Jod |, <|fL o |, o~

s L D,
—e L], o[, <~ fogo + | 1y, gL [l exp (- ) e

— -, D2
A LA e A A L ol U

Let us choose
D 2
2 EE™NIEE
fO g o

t —

4 log
Putting into (7) we get:
e A1, oL [, =3 fogo

Jo
— (A4, — At =log fo
2 f1. |, o2 |,

1,04 20 FL lgt I,
. =
ﬂ’l 2/0 ngo
Putting the value of t,
2| f1
PRI B LN A

fOO

Finally, we choose f = g = ¢ such that
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1:o - —"x f¢o - .fx ¢02
And

” f1, ”2 - (Ix ¢02)1/2 - \/TO

Similarly
2
0 =J.Y 9d, =_[Y¢0

lox, [, = ([, %6°)"* = a0

Putting into (8)
2./ f,\/9
A=A = og( f° =)
0Yo

This implies:
1 4
— Ay < —(log 2’ 9
SR WS )

Now we turn to the general case k > 2 let
us consider a function f(x) and denote by
fi the ith Fourier coefficient of the function
flgi.e.,

f'j = f¢i

1 XJ

ln(f, 1=, [ POLYDFOOT (M)

Then we have the upper bound for Iim( {, f)

L (F f)suf]’XI"z”lem 2

(10)

While we rewrite the lower bound (5) in
another way:

mmnmﬂﬂ%fﬁwwwﬁnmwhm
i=1

Now we want to kill the middle term on
the right-hand side (11) by choosing
appropriate 1 and m.

Let us consider k+1 vectors fm=
(fim, o, L, fm) M =1, 2, ..., k+1 in Rk1
and let us supply this (k-1)-dimensional
space with a scalar product given by

k—2
(V, W) — Zvi Wie—ﬂiﬂt
i=0

Let us apply the following elementary fact:
out of any k+1 vector in (k-1) dimensional
Euclidean space there are always two
vectors with non-negative scalar product.
Therefore, we can find different 1 and m so
that (ff ,fm) > 0 and due to this choice we

2


https://journal.scienceacad.com/

Journal of Current

Science
UGC Approved Journal No.64664
Available Online: https://journal.scienceacad.com

Vol 20, No 01, January 2019 “14th-Conference"(IC-GAEMPSH)

are able to cancel the second term on the
right hand side (11).

Comparing (10) and (11) we get

! DZ
ey, | |fL,, 0= @)

< f -

1312,

Now similar to the case k = 2 we choose t
such that

D2
T o L]
4|Og X‘I': |2f — X'm 2
o (o]

Putting the value of t into (12) we get,

R MW YL

Therefore,

2 1 [, £ 2, |

2

1
— <=lo
/’Lk /10 t g fol fom

Putting the value of t,
2 |15
f m

ho=r s ormax(log T Rk )

Now we taking f = @o such that,
| 2
fo =[ fo=]
=[ =] #

And
|| f 1, ||2 - (.[x, ¢02)1/2 - fol
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Similarly

1:om = Ixm f¢o = ij ¢02
[T2x, [, = Uy, 2672 =/ "

Putting into (13) we get,
Thus for any two disjoint subset of M, we
have

I==m

1 4 2
Ay — Ao < Y max (log J.XI ¢02_me ¢02)

What was to be proved.

1 4
A — Ay < — max(log - >)?

D i Ixi Po Ixj %o
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